We present a full-wave analytical solution for the problem of second-harmonic generation from spherical nanoparticles. The sources of the second-harmonic radiation are represented through an effective nonlinear polarization. The solution is derived in the framework of the Mie theory by expanding the pump field, the nonlinear sources, and the second-harmonic fields in series of spherical vector wave functions. We use the proposed solution for studying the second-harmonic radiation generated from gold nanospheres as a function of the pump wavelength and the particle size, in the framework of the Rudnick-Stern model. We demonstrate the importance of high-order multipolar contributions to the second-harmonic radiated power. Moreover, we investigate the dependence of the p-and s-components of the second-harmonic radiation on the Rudnick-Stern parameters. This approach provides a rigorous methodology to understand second-order optical processes in nanostructured metals and to design novel nanoplasmonic devices in the nonlinear regime.
Introduction
Nonlinear phenomena in metal nanostructures are gathering much attention due to their potential application as novel components for integrated optics [1] [2] [3] [4] . Moreover, second-harmonic (SH) generation from metal nanostructures provides a powerful tool for probing physical and chemical properties of material surfaces [5, 6] .
Noble metal nanoparticles support localized surface plasmons (LSPs). LSPs are collective oscillations of the conduction electrons, which strongly affect the optical response of the metal. When LSPs are resonantly excited, the local electromagnetic field is significantly enhanced in the particle, enabling nonlinear optical effects, such as harmonic generation, at relatively low excitation powers.
Second-harmonic radiation originates from two contributions, the particle bulk and surface. In noble metal nanoparticles, the local-bulk source is absent because of the material centrosymmetry and only the nonlocal-bulk contribution needs to be considered [7] . The surface contribution to SH radiation is due to the symmetry breaking at the interface with the embedding medium [8, 9] . The magnitudes of the nonlocal-bulk and surface SH contributions depend on the shape of the nanoparticle and on the optical properties of the metal at the fundamental and second-harmonic frequencies [10] [11] [12] [13] [14] [15] [16] [17] .
In 1999, Dadap et al. studied the SH radiation generated from the surface of a sphere with radius R much smaller than the wavelength of the incident light λ (2πR/λ << 1, Rayleigh limit), which was made of a centrosymmetric and isotropic material [9] . They showed that the leading-order contributions to SH radiation arise from the electric dipole p (2ω) and the electric quadrupole ↔ Q (2ω) moments and gave the corresponding selection rules. In Refs. [18] and [19] , the Rayleigh limit is analyzed by taking into account both the bulk and the surface polarization sources, showing that the SH field is radiated by an effective electric dipole moment p (2ω) eff (r) ∼ = p (2ω) + i k 0 ↔ Q (2ω)r /3 (the SH magnetic dipole emission is forbidden because of the axial symmetry of the system). In the Rayleigh limit, both the nonlocal-bulk and the surface SH sources contribute to the induced electric dipole moment while only the local surface sources contribute to the induced electric quadrupole moment. The presence of distinct SH sources with their own radiation patterns causes the SH Rayleigh scattering process to differ significantly from the linear Rayleigh scattering. In particular, the theory predicts the absence of the SH signal in the forward direction and the (2πR/λ) 6 scaling of the SH scattering cross-section.
The SH Rayleigh scattering model is inaccurate if the particle size is comparable with the wavelength, because the contributions of SH multipolar orders higher than 2 are not negligible. A full-wave analysis of the SH scattering from spherical particles of arbitrary size is developed in Ref. [20] , but only the surface SH source was taken into account. Moreover, the enforced boundary conditions resulted in zero SH radiation from the radial component of the source [7] . A theory for second-order nonlinear scattering based on a combination of the linear Mie scattering and reciprocity theorem has been proposed in Ref. [21] . Recently, a full-wave theory of the SH radiation generated by a chain of parallel infinitely long cylinders, including both the bulk and surface nonlinear sources, has been developed in Ref. [22] . A full-wave theory of the SH radiation generated in threedimensional structures consisting of metal spheres made of centrosymmetric materials has been proposed in Ref. [23] , but here again, the treatment is limited to the surface source.
The SH sources in metal nanoparticles can be represented by an effective nonlinear polarization induced by the electromagnetic field at the fundamental frequency ω. As noble metals are isotropic and centrosymmetric materials, the bulk contribution P (2ω) b to the nonlinear polarization is of the following form [24] :
where β, γ , and δ are the material parameters, ε 0 is the vacuum permittivity, E (ω) is the electric field at the fundamental frequency, and˙ i denotes the region occupied by the particle. Due to the homogeneity of the material, we also have ∇ · E (ω) = 0 in˙ i ; therefore, the first term on the right-hand side of Eq. 1 vanishes and the expression of P
The surface contribution P (2ω) s is of the following form [7] :
where ↔ χ (2ω) s is the second-order surface nonlinear susceptibility of the metal and denotes the particle boundary. The normal component of E (ω) is evaluated on the internal side of , which we have indicated with i ; there is no ambiguity relevant to the tangential components of E (ω) because they are continuous across . Since the nanoparticle surface exhibits isotropic symmetry with a mirror plane perpendicular to it, the tensor ↔ χ (2ω) s has only three nonvanishing and independent elements, χ ⊥⊥⊥ , χ ⊥ , and χ ⊥ = χ ⊥ , where ⊥ and refer to the orthogonal and tangential components to the particle surface [7] . Therefore, Eq. 3 reduces to
wheren is the normal to the particle surface pointing outward andt 1 andt 2 are two orthonormal vectors defining the plane tangent to the particle surface, such that (n,t 1 ,t 2 ) is a counterclockwise triplet. It is interesting to note that, although the relation between P (2ω) s and E (ω) is of local character, the contribution of the normal component (P (2ω) s · n) to the SH radiation depends on ∇ s (P (2ω) s ·n), where ∇ s denotes the surface gradient operator (see Appendix D).
The theoretical and experimental determination of the parameters γ , δ , χ ⊥⊥⊥ , χ ⊥ , and χ ⊥ has been a longstanding problem in Nonlinear Optics, and it is still an open issue [25] [26] [27] [28] . In the visible/near-IR light spectrum, the nonlinear response of noble metal particles is generally attributed to the free electrons [13, 14, 24, 25] . They behave as an isotropic electron gas with effective mass m eff , relaxation time τ (due to the collisions with the ion lattice), and quantum pressure. The electron gas dynamics are governed by the Euler equation. This is the so-called hydrodynamic model. Within it, the bulk contribution to the nonlinear polarization arises from both the convective term and the Lorentz force term while the surface contributions are strictly related to the response of the electrons within the Thomas-Fermi screening length (λ TF ≈ 1Å for gold) from the surface [25, 29] . For ωτ >> 1, the hydrodynamic model gives the following expressions for the bulk parameters γ and δ [27, 30] :
where χ b (ω) = ε i (ω)/ε 0 − 1 is the linear bulk permittivity of the metal, n 0 is the equilibrium number density of the free electrons, ω p = n 0 e 2 /m eff ε 0 is the free electron plasma frequency, and −e is the electron charge. In the same limit ωτ >> 1, the hydrodynamic model also gives the following estimation for the surface parameters χ ⊥⊥⊥ and χ ⊥ [25, 26] :
Furthermore, the contribution of the term χ ⊥ is negligible [25, 27, 28, 31] . Alternatively, the parameters of the SH sources may be identified experimentally. This would allow to account for phenomena that are disregarded in the hydrodynamic model as the interband transitions. Nevertheless, an identification procedure of the parameters γ , δ , χ ⊥⊥⊥ , χ ⊥ , and χ ⊥ through measurements of the SH radiation has an intrinsic limit. The parameter γ cannot be separated from the surface terms χ ⊥⊥⊥ and χ ⊥ by measuring of the SH field outside the metal. An equivalent surface nonlinear polarization with surface susceptibility γ (ω) ε 0 ε i (2ω) nnn +n(t 1t 1 +t 2t 2 ) radiates outside the metal the same electromagnetic field generated by the γ term. For this reason, the contribution of the γ term is called surface-like bulk term [27] . Sipe et al. pointed out this equivalence for the first time by analyzing the SH radiation generated by a planar slab [26] . Moreover, they inferred that this property holds true for any material and shape. In this paper, we also provide a very simple demonstration of this general property. Instead, the δ bulk term was unambiguously determined in the SH radiation generated from a gold film by using a two-beam SH generation measurement technique [27] . Since the contribution of the δ term depends on the spatial derivatives of E (ω) , its magnitude may increase if E (ω) is rapidly varying in the bulk of the metal. The relevance of the δ contribution to the SH radiation from nonplanar geometries is still an open issue [4] .
In this paper, we propose a full-wave analytical solution for the SH scattering from nanospheres of arbitrary size. We use this solution to investigate the SH radiation generated by a gold metal nanosphere as a function of the polarization, the pump wavelength, and the particle size. We rigorously investigate the multipolar nature of the SH generation and the contributions of the different sources of second-order nonlinearity. Following Ref. [28] , we adopt the Rudnick-Stern model to represent the SH sources of the gold nanosphere [31] . In this model, the contribution arising from the δ term is considered negligible. This approximation is valid if the field at the fundamental frequency inside the nanoparticle is not rapidly varying, i.e., the intensities of high-order multipoles are negligible. We compare the results obtained by using, as Rudnick-Stern parameters, the Sipe's model values (Ref. [25] ) and the values identified experimentally in Ref. [28] . As the Rudnick-Stern parameters vary, we find strong changes of the SH p-and s-components.
The present work is organized as follows: In section "Problem Statement and Solution," the electromagnetic formulation of SH scattering by a metal nanosphere is presented and the analytical solution for the fields is defined, both at the pump and at the SH frequencies. In section "Discussion: Gold Nanosphere," the SH scattering from gold nanospheres with increasing size is studied as a function of the wavelength and polarization of the pump field. In section "Conclusions," the conclusions are outlined. This manuscript is completed by seven appendices, where detailed formulas for the analytical calculation of all the quantities of interest are provided.
Problem Statement and Solution

Problem Statement
Let us consider the electromagnetic field at frequency 2ω generated by a metal sphere of radius R, when illuminated by a time-harmonic electromagnetic plane wave at frequency ω incoming from infinity. We use a Cartesian coordinate system (O, x, y, z) and a spherical coordinate system (O, r, θ, φ) with the same origin O in the center of the sphere, as in Fig. 1a ; we denote with (r,θ ,φ) the unit vectors of the spherical coordinate system. The domain of the Fig. 1 a Scheme of the spherical particle and coordinate systems. b Elementary closed curve l across the selvedge region at the particle boundary electromagnetic field is the entire space R 3 , divided into the interior part of the metal domain˙ i , the embedding mediuṁ e , and the metal surface . The surface is oriented in such a way that its normaln points outward,n =r | . We use the convention a(r, t) = e{A ( ) (r) exp(i t)} for representing a time-harmonic field at angular frequency .
The second-harmonic generation problem involves two electromagnetic fields oscillating at different frequencies: the electromagnetic field E (ω) , H (ω) at fundamental frequency ω and the second-harmonic electromagnetic field E (2ω) , H (2ω) at frequency 2ω. We denote
the incident (pump) electromagnetic field:
where E 0 is the electric field magnitude of the linearly polarized pump beam,ˆ 0 is its polarization direction,k 0 is its propagation direction, k
μ e ε e , and ζ e = √ μ e /ε e . The parameters ε e and μ e are the permittivity and the permeability of the embedding medium.
Since the intensities of the SH fields generated by noble metals are always orders of magnitude weaker than the intensities of the pump fields, the SH fields do not significantly couple back to the fundamental fields (undepleted-pump approximation). As a result, the electromagnetic scattering problems at the fundamental frequency and at the SH frequency are both linear. The linear electromagnetic response of the metal is characterized, in the frequency domain, by the permittivity ε i , which depends on the frequency, and by the permeability μ i , which we assume to be independent of the frequency.
In order to calculate the SH radiation generated by the metal sphere, we have to evaluate the following:
1. The electric field E (ω) in˙ i and on the inner page of (that we have denoted with i ), induced by the pump electromagnetic field E (ω)
The SH nonlinear polarization sources generated by E (ω) ; 3. The electromagnetic fields E (2ω) , H (2ω) radiated by the SH nonlinear polarization fields.
Both problems 1 and 3 are solved by expressing the unknown fields in terms of spherical vector wave functions (SVWFs) defined in section "Electromagnetic Fields at Pump Frequency."
Electromagnetic Fields at Pump Frequency
The electromagnetic field at the fundamental frequency is the solution of the Maxwell's equations:
where E [32, 33] :
where z
n (kr) is one of the four kinds of the spherical Bessel functions, namely Bessel function of the first kind j n = j n (kr), Bessel function of the second kind y n = y n (kr), or Bessel function of the third kind (spherical Hankel functions of the first and second kind) h (1) n = h (1) n (kr) and h (2) n = h (2) n (kr), which we denote, respectively, with the apices J = 1, 2, 3, 4. X mn = X mn (θ, φ) is a vector spherical harmonic (Appendix A). Both the SVWFs and the vector spherical harmonics are indexed by the order m and the degree n.
The incident plane wave E
is decomposed in Eq. 10a through the regular SVWFs, nonsingular in the center of the sphere (ω) mn are determined by requiring that the decompositions (Eq. 10b and 10c) also satisfy the boundary conditions (Eq. 8b). Their analytical expressions are given in Appendix C.
Electromagnetic Fields at Second Harmonic
The SH electromagnetic field satisfies the Maxwell's equations:
where
denotes the SH fields in˙ e and ε is the selvedge region permittivity [25] , which we assume equal to ε 0 . The sources of the SH radiation, therefore, are of three types. The volume current density field J in the Maxwell-Ampère equation and the substitutions ω → 2ω. Consequently, the problem is reduced to that already solved for the fundamental fields by expressing the electromagnetic field inside the nanoparticle is given by the following simple expression [19] :
Instead, the term E
can be evaluated by using the Green's function for a medium with electric permittivity ε i and magnetic permeability μ i [34, 35] :
where the volumetric current density J (2ω) δ , the volumetric charge density ρ (2ω) δ , and the surface charge density η (2ω) δ are given by 
By combining Eqs. 12c, 14, and 17, it results that the contribution of the term γ to the SH electromagnetic field at the external of the particle may be described by the equivalent surface second-order susceptibility γ (ω) ε 0 ε i (2ω) nnn +n(t 1t 1 +t 2t 2 ) .
for r < R, and (18a) 
0 k 0 (ω) is a characteristic electric field and χ (2) analytical solution derived in the framework of the Mie theory has been validated by means of an independent approach for calculating the SH scattering from nanoparticles based on a surface integral method [36] , as discussed in detail in Appendix G.
− j
Discussion: Gold Nanosphere
In the present section, by using the analytical solution derived in the previous one, we analyze the SH generation from an isolated gold nanosphere in vacuum, as the radius, pump wavelength, and polarization vary. Specifically, we study the SH radiation generated at pump wavelengths of λ = 780 nm (Ti:sapphire laser) and λ = 520 nm (gold plasmon resonance). Particular care has been devoted to the comparison with the existing theories in the Rayleigh regime. In order to model the bulk linear susceptibility of gold, we interpolated Johnson and Christy's experimental data [37] . In order to adequately represent the electromagnetic fields at the fundamental and the second-harmonic frequencies, it has been sufficient to consider the degree n up to 10 for the cases of our interest. Only the first three and the first six multipoles have a significant amplitude at the fundamental and the second-harmonic frequencies, respectively. Following Ref. [28] , we express χ ⊥⊥⊥ , χ ⊥ , and γ in terms of the Rudnick-Stern (R-S) parameters (a, b, d) [25, 31] :
where χ b is the bulk linear susceptibility of the metal. By choosing (a = 1, b = −1, d = 1), we obtain Sipe's hydrodynamic model [25] . By measuring the SH generated by gold spherical nanoparticles with R = 150 nm at λ = 800 nm, Bachelier et al. have found that an optimal choice for the phenomenological parameters a, b, and d should be (a = 0.5 − i0.25, b = 0.1, d = 1) [28] . We discuss the solutions obtained by using both sets of values. The pump electromagnetic field is a plane wave propagating along the positive direction of the z-axis and linearly polarized in the xy-plane, with a polarization directionˆ 0 . We indicate with α the angle betweenˆ 0 and the x-axis (the reference versus is counterclockwise, seen from the half-space z > 0), as shown in Fig. 2 .
In order to characterize the SH radiation, we consider both the SH power per unit solid angle and the SH scattering cross-section. The SH power per unit solid angle dP (2ω) * (K)/d , radiated in the farfield along the direction K and collected by an analyzer with polarization stateˆ * , is defined as 
where ρ is a spherical surface with radius ρ, centered at the origin of the coordinate system. dP (2ω) * (K)/d depends on the collection directionK of the scattered SH light. C (2ω) sca has the physical dimensions of an area, and it is proportional to the SH generation efficiency.
In order to analyze the SH radiation polarization state, the analyzer can be polarized either parallel ( ) or perpendicular (⊥) to the SH scattering plane, defined by the propagation directionk 0 of the pump wave and the collection directionK [28] . We denote with dP (2ω) /d and dP (2ω) ⊥ /d the radiated powers per unit solid angle associated to the and ⊥ components. The analysis of the polarization state of SH radiation collected at a right angle from the pump beam, i.e.,K =x, is very important because it allows to discriminate the radiation generated by even-and odd-order SH multipole sources. Specifically, only the SH N 
SH Source Currents: Rayleigh and Mie Regimes
Here, we analyze the SH radiation generated from the single nonlinear sources, acting as if they were radiating independently. Figure 3 shows the magnitude of each SH source current density, namely J (2ω) b , j (2ω) elet , and j (2ω) mag , normalized to their own maxima and computed for the two pump wavelengths λ = 520 nm and λ = 780 nm, corresponding to resonance and off-resonance conditions, respectively. Two is significant across the entire particle volume (panels a and b). In particular, while for λ = 520 nm (panel a) J
(2ω) b
decreases along the direction of forward scattering, for λ = 780 nm, it is almost uniform. For particles with a larger size (panels c and d), the skin effect appears, i.e., the current J (2ω) b is strongly confined near the particle surface. The intensity distribution of both j (2ω) elet and j (2ω) mag (panels e, f, i, and j) is symmetric around the polarization direction of the pump field for small particles. As the radius increases, this holds no longer true due to the onset of higher order multipoles (panels g, h, k, and l). It is worth noting that the surface electric current density j (2ω) elet vanishes on a circle lying in the yOz-plane, for any particle size and pump wavelength, as shown in panels eh, due to the rotational symmetry of the particle. Similarly, the surface magnetic current density j (2ω) mag displays a circle with a constant magnitude for every particle size, as shown in panels i-l.
In Fig. 4 , the SH power per unit solid angle collected at a right angle from the pump direction is shown for a nanosphere with R = 10 nm. Panels a, b, and c are relevant to the SH radiation generated by the bulk, surface electric, and surface magnetic SH source currents, respectively, as if they radiated separately. The blue and red lines correspond respectively to dP (2ω) /d and dP (2ω) ⊥ /d , and for each panel, both the components are normalized to the maximum of the most intense.
These results agree with those obtained analyzing the SH radiation from a metal nanosphere in the Rayleigh limit [9, 19] . In this regime, the SH radiation coincides with the electromagnetic field radiated by a fictitious electric dipole with effective moment p
is the induced SH electric quadrupole moment (n = 2). Depending on the component of the SH intensity, two different shapes of the polarization diagrams arise. For each SH source, dP (2ω) /d is due to a SH dipolar electric mode aligned along the propagation direction of the pump [9, 19] ; therefore, its value is independent of the polarization angle of the pump. On the other hand, the four-lobe pattern observed for dP (2ω) ⊥ /d is due to a SH quadrupolar mode. Furthermore, dP
and j (2ω) elet while it is comparable with dP (2ω) /d for j (2ω) mag . For larger particles, higher order SH multipoles arise due to larger retardation effects, significantly modifying the SH radiation characteristics, as we shall see in the next Section.
SH Scattering Cross-section
In this Section, we study the SH scattering cross-section C (2ω) sca for a gold nanosphere, using as R-S parameters the values (a = 1, b = −1, d = 1). All the results are relative to the case of a pump plane wave with an Figure 5 shows C (2ω) sca as a function of the pump wavelength (black lines) for four particle sizes. For all the investigated sizes, C (2ω) sca shows a maximum at λ ≈ 520 nm, when the pump wavelength matches the plasmonic resonance of the particle. Another local maximum is also observed at λ ≈ 1,040 nm. At this wavelength, the SH fields resonate in the gold nanosphere. The relative intensity of C (2ω) sca at λ ≈ 1,040 nm increases as the particle size increases. A third local maximum can be observed at λ ≈ 700 nm for certain particle sizes (e.g., R = 100 nm and R = 200 nm). Similar trends, not shown here, have been found with the set of values (a = 0.5 − i0.25, b = 0.1, d = 1) for the R-S parameters.
In order to unveil the multipolar origin of the SH radiation in the Rudnick-Stern model, the contributions of each multipole are shown, up to the sixth order. For R = 10 nm (panel a), C (2ω) sca is mostly due to the SH dipolar source and only for short wavelengths the SH quadrupolar source begins to be significant. As we increase the radius R to 100 nm (panel b), we can identify three different regimes: for short wavelengths λ < 550 nm, C (2ω) sca is dominated by the octupolar source, the quadrupolar one prevails in the range 550 nm < λ < 950 nm, while the dipolar source is the most intense for larger wavelengths. For a particle with R = 150 nm (panel c), the dipolar source is negligible regardless of the pump wavelength and the main contributions to C (2ω) sca arise from the multipoles with n = 2, 3, 4. Similarly, the main contributions for a particle with R = 200 nm arise from n = 2, 3, 4 for large wavelengths and from the multipoles n = 5, 6 for short wavelengths. 1, d = 1) . The contribution of each multipolar order to the total radiation cross-section is shown up to the sixth: n = 1 (green), n = 2 (blue), n = 3 (violet), n = 4 (cyan), n = 5 (red), and n = 6 (yellow) Figure 6 shows the SH scattering cross-section as a function of the nanoparticle radius, for three values of the pump wavelength (λ = 520 nm, 780 nm, 1,040 nm). The SH scattering cross-section increases more than 4 orders of magnitude when the particle size increases up to R = 100 nm. For larger radii, the SH scattering cross-section saturates and a small modulation takes place. For small particle size, the highest cross-section is shown when the particle is in plasmonic resonance (i.e., red curve). For larger particle size, the magnitude of C (2ω) sca is comparable for all the investigated pump wavelengths. Also in this case, similar trends have been found using the set of R-S parameters (a = 0.5 − i0.25, b = 0.1, d = 1).
SH Power Dependence on the Pump Polarization
The SH power radiated at a right angle from the propagation direction of the pump allows for the recognition of evenand odd-order multipolar contributions to the SH generation process, as already pointed out. The appearance of an octupolar SH source significantly modifies the shape of dP (2ω) /d [40] . In the Rayleigh limit, the component generated by the SH dipolar source fully prevails over the ⊥ component generated by the SH quadrupolar source. As the radius increases, the intensity of the SH octupolar source increases due to the retardation effects, as pointed out in the previous Section. Due to the interference in the farfield of the SH dipolar and octupolar fields, dP (2ω) /d is reduced significantly until it becomes α=0°180°-
90° 90°F
ig. 8 SH power per unit solid angle of the component collected at a right angle from the pump beam (Fig. 2) as a function of the pump polarization angle α, for nanospheres of size R = 80 nm (green), R = 120 nm (red), R = 140 nm (black), and R = 150 nm (blue), obtained with (a = 1, b = −1, d = 1). The pump wavelength is λ = 780 nm; all the curves are normalized to their own maximum smaller than dP (2ω) ⊥ /d (b, c, f, g). As the radius further increases, the SH octupolar source prevails over the SH dipolar source and the shape of dP (2ω) /d gets close to that of an octupole (d, h). The details of the transition from the dipole to the octupole pattern as the radius increases are shown in Fig. 8 . First, the circular shape of dP (2ω) /d is shrunk along the directions α = 0 • , 180 • , until the amplitude reaches a null (green and red curves). Then, two lobes arise along these directions (black curve), forming a four-lobe pattern. As the radius further increases, the intensities of the two lobes along the directions at α = 0 • , 180 • prevail over the intensities of the lobes along the directions at α = 90 • , 270 • (blue curve). In conclusion, we found that if either the SH dipole or the SH octupole prevails, the polarization properties of the SH radiation obtained by the two sets of R-S parameters are similar. Otherwise, the interference between the two SH multipoles introduces significant differences. This may provide a fingerprint to evaluate the parameters in the framework of the R-S model. Figure 9 shows the angular distribution of the SH radiation generated by gold nanospheres, obtained using the R-S parameters (a = 1, b = −1, d = 1). The first row (a, b) is relative to a small sphere (R = 10 nm) and the second row (c, d) to a large sphere (R = 150 nm). In the first column (a, c), the pump wavelength is λ = 520 nm, while in the second column (b, d), λ = 780 nm.
SH Radiation Diagrams
For particles with R = 10 nm, the dipolar and quadrupolar SH sources dominate the response, in agreement with the 1, d = 1) . The pump wavelength is λ = 780 nm; for each panel, the curves are normalized to the maximum of the most intense one Rayleigh limit. In particular, we notice that the quadrupolar SH source is more important at λ = 520 nm, while at λ = 780 nm, the dipolar mode fully dominates the response.
As the particle radius increases, higher order modes come into play, resulting in a higher number of secondary lobes. For particles with R = 150 nm, the octupolar mode dominates the angular distribution of the SH radiation at λ = 780 nm. Moreover, for each particle size and pump wavelength, the lobes display a preferential alignment along the polarization direction of the pump field. Figure 10 shows the two cuts of the 3D radiation diagram along the xOz-and yOz-planes. It is worth noting that the SH power vanishes in both the forward-and backwardscattering directions, regardless of R. This selection rule is a direct consequence of the rotational symmetry of the sphere around the propagation direction of the pump. Two lobes, directed orthogonally to the propagation direction of the pump, characterize the radiation diagrams of small particles, as shown in Fig. 10a . As the particle size increases, the lobes with higher power tend to come closer to the forward direction. The same effect is observed if the particle size is fixed and the pump wavelength decreases. This behavior, which has been experimentally observed for silver nanoparticles in Ref. [38] , is due to the rise of SH multipoles higher than the dipole. For instance, the radiation diagram for nanoparticles with R = 100 nm at λ = 780 nm in Fig. 10b is dominated by the SH quadrupole (n = 2). The radiation diagrams for nanoparticles with a larger size are dominated by higher order multipoles (n = 3, 4), as shown in Fig. 10c, d . As the particle size increases, the amplitude of the lobes in the backward-scattering hemisphere is reduced. This behavior is due to the destructive interference between SH multipoles of different order.
Conclusions
We have developed a full-wave analytical solution for the second-harmonic generation from metal spherical particles of arbitrary size. This approach extends the existing theories, enabling a rigorous treatment of all the relevant sources of SH radiation located both on the surface and in the bulk of the particle. The solution of the problem is derived in the framework of the Mie theory by expanding the pump field, the nonlinear polarization sources, and the second-harmonic fields in series of spherical vector wave functions and by enforcing the boundary conditions at the sphere surface.
We investigated the SH radiation of gold nanospheres by using the Rudnick-Stern model for the SH sources. In particular, we studied the spatial distributions of the nonlinear polarization sources, which display significant symmetries due to the spherical geometry. We investigated the SH crosssection dependence on the pump wavelength, demonstrating the contribution of SH multipoles up to the order N = 6, as the particle radius increases up to ∼200 nm. Similarly, we studied the multipolar origin of the SH radiation diagrams and showed significant analogies with experimental works in literature. Eventually, we investigated the SH radiated power as a function of the pump polarization angle. In particular, we compared the solutions obtained by using, as Rudnick-Stern parameters, both the Sipe's model values and the experimental values given in Ref. [28] . The behavior of the SH p-and s-components strongly varies with the Rudnick-Stern parameters.
The application of the proposed method, in combination with experimental observation, can improve the general understanding of nonlinear processes in metals and can lead to an accurate evaluation of weights for the different SH sources. The theory of SH scattering can be easily extended to the multiparticle case. This approach can also guide the design of novel nanoplasmonic devices with enhanced SH emission for a wide range of applications [39] , including sensors for probing physical and chemical properties of material surfaces.
A Vector Spherical Harmonics
The vector spherical harmonics X mn are [32, 33] as follows:
where π mn (cos θ) = m sin θ P m n (cos θ) τ mn (cos θ) = d dθ P m n (cos θ), and P m n = P m n (u) is the associated Legendre function of the first kind and of degree n and m.
B Calculation of p (ω) mn , q (ω) mn
The expansion coefficients in Eq. 10a, for a linearly polarized plane wave propagating along the z−axis with the electric field parallel to the x−axis (Fig. 1a ), are
C Calculation of a (ω) mn , b (ω) mn , c (ω) mn , d (ω) mn
The coefficients a (ω)
mn are expressed as and ψ n = ψ n (ρ) , ξ n = ξ n (ρ) are the Riccati-Bessel functions defined as ψ n (ρ) = ρ j n (ρ), ξ n = ρ h (1) n (ρ).ζ denotes the first derivative of ζ = ζ(ρ) with respect to ρ.
D Selvedge Region
The selvedge region (Fig. 1b) is a layer of infinitesimal depth δ at the interface metal-vacuum. In this region, there is a volumetric current density J We denote with one apex the contribution due to the tangential surface SH sources and with two apices the contributions of both the normal surface SH sources and the γ bulk SH sources.
For the tangential surface SH sources, we have 
G Validation
We validated the proposed analytical solution derived in the framework of the Mie theory by means of an independent approach based on a surface integral method. The implementation details of this latter method are given in Ref. [36] . We calculated with both methods the SH power per unit solid angle dP (2ω) (K)/d radiated by each of the three SH sources of interest. In Fig. 11 , an illustrative case is reported of a nanoparticle with R = 100 nm and an incident wavelength of λ = 520 nm. The two solutions coincide within a tolerance of about 3 %.
